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Models with hysteresis play a considerable role 
in the theory of control processes on the genetic 
level, e.g. induction and differentiation as given by 
Monod and Jacob [ 11, but are also used to offer 
plausible possibilities for fundament~ elements of 
thinking like memory, especially short-term memory. 

In homogeneous reaction kinetics such models 
were introduced by Spangler and Snell [2, 3] who 
assume, like Monod and Jacob, cross-inhibition by 
the products of two enzyme reactions. An analy- 
tically simpler model was treated by Edelstein 
[4,5], who used enzyme catalysis preceded by an 
autocatalytic step. An even simpler possibility of 
obtaining multiple steady states and a hysteresis 
loop without autocatalysis, which is seldom attained 
directly but which can be brought about by indirect 
mechanisms wit11 positive feedback, exists in using 

forward inhibition instead. 
O’Neill et al. [6] and O’Neill [7] stated that 

inhibition by an excess of substrate, which is shown 
by many enzymes [S] , suffices under certain con- 
ditions to cause multiple steady states in open re- 
action systems. The same effect with the same 
type of reaction was found independently by R&s- 
ler [9] in a survey of basic circuits of fluid auto- 
mata and was given without further treatment as 
one example of a resettable switch. 

We chose this type of reaction for a deeper theo- 
retical investigation, because i) it seems to be the 
simplest one yet known with the desired effect, 
ii) it utilizes an effect often found in enzyme kine- 
tics and has no exotic additional requirements, 
and iii) it allows for a drastic reduction of para- 

meters without loss of generality so that conditions 
of occurre,fice of the hysteresis effect can be shown 
with great clearness. Besides another completely 
i~morphous reaction type can be given. 

According to the reaction scheme of fig. 1 we get 
for the reaction rates pi z dXi/dt in dependence on 
the concentrations Xi 

S= k+,R-(k_l + k+S)S-k+2S.E + k_zES- 

k+a,S- ES + k._aESz, 

E= -k+zS.E+(k_z +k+,)ES, 

I$ = k+4S.ES-k_4ES2, ES= Et-E-ES*, 

where E, is the total amount of enzyme. 
In the steady state(s) we are interested in, the 

rates become zero and by elimination of E, ES, and 
ES2 we get the implicit cubic equation for S in the 
rather complicated form of 

(k_, + k+5)k+zk+4S3 - (k+ik+zk+qR - (k_, + 

k.>j)k+zk_4)S2 -(k+lk+zk_4R-(k_lk+5) 

(k-2 +k+3)k_.q - k+zk+3k_qEt)S-k+l (k-2 + 

k+3)k-aR = 0 (1) 

This can be drastically simplified without loss of 
generality by using the technique of introducing di- 
mensionless variables and parameters. By defining 

u = k+zSl(k_z + k+j), 
P = k+,k+~Rl((k_, + k+s) (k-2 + k+a)) 
E = k+zk+&/((k_l + k+,) (k-2 + k+a)), 
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K = k+zk_4/(k+4(k_2 f k+s)) 
eq. 1 is reduced to 
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o3 tU2(K--p)tKU(l 't--p)--KP=o, (4 

which contains only 3 instead of 10 parameters and 
as before, one variable. Only K is futed, p and E con- 
tain concentrations and can thus be varied between 
0 and the corresponding saturation concentrations 
of the pool substance R and the enzyme E, respec- 

tively. 
As a cubic equation in u, equation (2), can have 

three real positive roots in certain ranges of the para- 
meters, the central one of which is then dynamically 
unstable, whilest the outer ones represent the stable 
states of the hysteresis loop, between which the sys- 
tem can be switched. Among the parameters p, E 
and K the influx p seems to be most likely to re- 
present the input signal to which u is the output 
response. The explicit function u = f(p) can be 
easily constructed, because the inverse function 

p=f-‘(rs)=U_t~U/(U*/K+U+1) (3) 

is unique. 
Another system with second order inhibition by 

a side chain product of the substrate as indicated in 
fig. 2 is isomorphous with the former system, 
because its steady state equation is exactly the same 
as (Z), if all variables and parameters of this system 
are primed (EI’* here corresponds to ES* there) 
and if the analogous d~ensio~ess quantities are 
introduced save K’ = k:i k’, k:z /((k’, t k:,)2 kid k15 *. 
But this model will not be further pursued here sep- 

arately. 
A typical hysteresis loop for o as a function of p 

with fixed parameters K = 1 and E = 100 is given in 
fig. 3. For the inverse function p = f-‘(u) the points 

A, B, C represent a maximum, point of inflection, 
and minimum respectively, which are found by 
setting dp/k~ and azp/aa2 equal to zero in the usual 
way. These conditions yield for the u values of the 
extrema the implicit function 

(67’ tKUtK}2 =EK(U* -K) (4) 

and 

U3 = 3KU + K2 (5) 

Fig. 1. Hysteresis system I with substrate inhibition of 

enzyme E. 
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Fig. 2. Hysteresis system II with second order inhibition of 

enzyme E’ by the intermediate I’ of a side chain. 
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Fig. 3. Hysteresis loop o = f (p) as obtained from eq. (3) 
withK=iandE=lOO. 

for the u of the point of inflexion. The limiting case 
of a hysteresis loop for any p is given by the condi- 
tion that the three points A, B, C coincide and re- 
present a saddle point. In this case the common o 
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Fig. 4. Influence of the parameters I( and E on the possibility 
of hysteresis for any p. 

can be eliminated from (4) and (5) yielding a com- 
plicated implicit function of E and K, which is a 
polynomial of sixth degree in E and seventh degree 
in K. The explicit function E = g (K) for this limiting 
case was evaluated numerically and is given in fig. 4. 
The minimum and the rn~~urn of p = f -* (u) 
and hence the hysteresis effect are the more pro- 
nounced the greater e is above this limit. 

The question arises whether these are purely 
theoretical results and whether there are real en- 
zyme systems with their parameters in the necessary 
region. Unfortunately in no case given in the Iite- 
rature is there a complete set of parameters leading 
to K and E and in most cases it is not reported whether 
the substrate inhibition is according to the mechan- 
ism treated here+. The ratio, K, of the dissociation 
constant of the complex ES2 to the Michaelis con- 
stant K,, should be rather small, but E, which is 
Et/Kv times the ratio of the rate constants of the 

Note added in proof: H. Degn (Nature 2 17 (1968) 1047) re- 
ported experimental hysteresis shown with the oxidation of 
NADH by 02 catalysed by peroxidase, which he interpreted 
at first as substrate inhibition by 02, but in later publica- 
tions (Biochim. Biophys. Acta 180 (1969) 29; J. Chem. Edu- 
cation 49 (1972) 302) as a complicated case of back activa- 
tion. 
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Fig. 5. Hysteresis loop as a reflected “Z” in case when the 
influx is regulated by a saturable additional enzyme E* 
(n = 40). The thick curves are the two quasi “quantum” 
states between which the system can be switched as a binary 

memory element. 

catalysed to the uncatalysed reactions of S, should 

be fairly large. 
Preliminary investigations of other mechanisms 

as given by Cleland [ 101 (ordered bi-bi, ping-pong, 
mixed type etc.) have shown that there are a few 
additional parameters left, but that the overall effect 

is much the same. 
As shown in fig. 3 there is a relatively constant 

(with respect to u) lower state, but the upper state 
grows eventually linearly with p, This upper state 
can be bent to a horizontal line, too, if the substrate 
is not restored by a spontaneous first order reaction, 
but is fed in controlled by a second enzyme E* 
with Michaelis constant KG. In this case the term 
k+, R has to be replaced by 

PT 
k+,R- . 

R+K* m 
If now k_, is neglected and the dimensionless para- 
meter 

k+l k+z 

’ = ET k+5(k_2 + k+a) 
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is introduced, and if finally in (3) p is redefined as 
p* = R/K:, ,o has to be replaced by 

P 
7) *- 

p* t I 

and the inverse function is now 

U(U2/K +a+ Efl) 

‘* = (q-0) (U'/K + U + 1) - (TE 
(6) 

This function has a singularity at a certain u = osat, 
which is the saturation value of 0 for p* + m. 

So the hysteresis loop is bent to a reflected “z”, 
there are virtually two “quantum” states between 
which the system is switched, as demonstrated in 
fig,Sfor~=l,~=lOOand~=40. 
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